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Abstract
Let (W;C) be an m-cycle system of order n and let  ⊂ W; ||= v¡n. We say that a path
design (;P) of order v and block size s (26 s6m− 1) is embedded in (W;C) if for every
p∈P there is an m-cycle c = (a1; a2; : : : ; am)∈C such that: (1) p = [ak ; ak+1; : : : ; ak+s−1] for
some k ∈{1; 2; : : : ; m} (i.e. the (s− 1)-path p occurs in the m-cycle c); and (2) ak−1; ak+s ∈ .
Note that in (1) and (2) all the indices are reduced to the range {1; : : : ; m} (modm). For each
n ≡ 1 (mod 8) and for each s∈{2; 3}, the spectrum of all the integers v such that there is
a handcu<ed design of order v and block size s embedded in a 4-cycle system of order n is
determined in Milici and Quattrocchi (Discrete Math. 208=209 (1999) 443–449). In this paper,
we want to complete the case m= 4 by determining the set of all the integers v such that there
is a path design of order v and block size 3 embedded in a 4-cycle system of order n.
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1. Introduction
Let G be a subgraph of Kv, the complete undirected graph on v vertices. A G-design
of Kv is a pair (V;B), where V is the vertex set of Kv and B is an edge-disjoint
decomposition of Kv into copies of the graph G. Usually, we say that b is a block of
the G-design if b∈B, and B is called the block-set.
A path design P(v; s; 1) [2] is a Ps-design of Kv, where Ps is the simple path with
s− 1 edges (s vertices) [a1; a2; : : : ; as] = {{a1; a2}; {a2; a3}; : : : ; {as−1; as}}.
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A balanced G-design [1,2] is a G-design such that each vertex belongs to the same
number of copies of G. Obviously not every G-design is balanced. A (balanced)
G-design of Kv is also called a (balanced) G-design of order v. A handcu1ed
design H (v; s; 1) is a balanced (s− 1)-path design of order v and block size s.
Clearly a P(v; 2; 1) (V;B) exists for every v¿2 and it is always balanced. Hung and
Mendelsohn [1] proved that a H (v; 2h+1; 1) (h¿1) exists if and only if v≡ 1 (mod 4h),
and a H (v; 2h; 1) (h¿2) exists if and only if v≡ 1 (mod 2h − 1). Tarsi [6] proved
that the necessary conditions for the existence of a P(v; k; 1); v¿k (if v¿1) and
v(v− 1)≡ 0 (mod 2(k − 1)), are also suJcient.
An m-cycle system of order n (mCS) is a Cm-design of Kn, where Cm is the m-cycle
(cycle of length m) (a1; a2; : : : ; am)= {{a1; a2}; {a2; a3}; : : : ; {am−1; am}; {a1; am}}.
The obvious necessary conditions for the existence of an mCS of order n are:
(1) n¿m, if n¿1; (2) n is odd; (3) n(n − 1)=2m is an integer. The suJciency of
these conditions has been proved in several classes, namely when 2m divides either
n or n − 1, and for all n when m650 (but not in general, though no counter exam-
ple is known). It is well-known that the spectrum for 4CS is precisely the set of all
n≡ 1 (mod 8). For the history of the problem and detailed references, see [4].
Let (W;C) be an mCS of order n and let (;P) be a P(v; s; 1) such that ⊂W
and 26s6m− 1. We say that (;P) is embedded in (W;C) if for every p∈P there
is an m-cycle c=(a1; a2; : : : ; am)∈C such that: (1) p= [ak ; ak+1; : : : ; ak+s−1] for some
k∈{1; 2; : : : ; m} (i.e. the (s−1)-path p occurs in the m-cycle c); and (2) ak−1; ak+s ∈.
Note that in (1) and (2) all the indices are reduced to the range {1; : : : ; m} (modm).
Example 1. Let 1 = {a0; a1; a2; a3}, W1 =1 ∪{b0; b1; b2; b3; b4}, P1 = {[a0; a1; a2],
[a0; a3; a1], [a0; a2; a3]}, S1 = {(a0; a1; a2; b0), (a0; a3; a1; b1), (a0; a2; a3; b2), (a0; b4; b0;
b3), (a1; b0; a3; b3), (a2; b1; b0; b2), (a2; b4; b2; b3), (a3; b1; b3; b4), (a1; b4; b1; b2)}. It is
easy to see that (1;P1) is a P(4; 3; 1) embedded in the 4CS (W1;S1) of
order 9.
Example 2. Let (1;P1) be the P(4; 3; 1) embedded in the 4CS (W1;S1) of order 9
given in Example 1. Put 2 =1 ∪{a4; a5; a6; a7} and W2 =W1 ∪{b5; b6; b7; b8}.
Now we construct a P(8; 3; 1) (2;P2) embedded in a 4CS (W2;S2) of order 17.
The paths of P2 are those of P1 and the following ones:
(I) [a4; a3; a5], [a6; a4; a5], [a6; a5; a7], [a4; a7; a3] and [a7; a6; a3].
(II) [a4; ai; a5] and [a6; ai; a7] for i=0; 1; 2.
The cycles of S2 are those of S1 and the following ones.
(III) (a4; a3; a5; b3), (a6; a4; a5; b7), (a6; a5; a7; b3), (a4; a7; a3; b5), (a7; a6; a3; b6),
(b4; a6; b8; a4), (b4; a7; b5; a5), (b5; a6; b6; a2), (b5; a0; b6; a1), (b7; a0; b8; a1),
(b7; a2; b8; a3), (b7; b4; b8; a7), (b7; b8; b6; a4), (b6; b5; b8; a5), (b0; b5; b1; b6),
(b0; b7; b1; b8), (b2; b5; b3; b6), (b2; b7; b3; b8) and (b5; b4; b6; b7).
(IV) (a4; ai; a5; bi) and (a6; ai; a7; bi) for i=0; 1; 2.
Example 3. Let (2;P2) be the P(8; 3; 1) embedded in the 4CS (W2;S2) of order 17
given in Example 2. Put 3 =2 ∪{a8; a9; a10; a11} and W3 =W2 ∪{b9; b10; b11; b12}.
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Now we construct a P(12; 3; 1) (3;P3) embedded in a 4CS (W3;S3) of order 25. The
paths of P3 are those of P2 and the following ones.
(I) [a8; a7; a9], [a10; a8; a9], [a10; a9; a11], [a11; a10; a7] and [a8; a11; a7].
(II) [a8; ai; a9] and [a10; ai; a11] for i=0; 1; 2; 3; 4.
(III) [a5; a8+i ; a6] for i=0; 1; 2; 3.
The cycles of S3 are those of S2 and the following ones.
(IV) (a8; a7; a9; b5), (a10; a8; a9; b9), (a10; a9; a11; b5), (a11; a10; a7; b9), (a8; a11; a7; b10),
(a8; b6; a9; b7), (a10; b6; a11; b7), (a8; b8; a9; b11), (a10; b8; a11; b12), (b11; b9; b12; a7),
(b10; b8; b12; a9), (b10; b12; b11; a10), (b9; a8; b12; a4), (b10; a11; b11; a4) and
(b8; b9; b10; b11).
(V) (a8; ai; a9; bi) and (a10; ai; a11; bi) for i=0; 1; 2; 3; 4.
(VI) (a5; a8+i ; a6; b9+i), (b2i ; b9; b1+2i ; b10) and (b2i ; b11; b1+2i ; b12) for i=0; 1; 2; 3.
(VII) (a0; b9+2i ; a1; b10+2i) and (a2; b9+2i ; a3; b10+2i) for i=0; 1.
The following spectrum problem arises: Let m and s be two integers such that
m¿3 and 26s6m − 1. For each admissible n, determine the set SP(n; m; s) of all
integers v¿s such that there exists a P(v; s; 1) embedded in an m-cycle system of
order n.
It is easy to determine the set SP(n; 3; 2).







if n≡ 3 or 7 (mod 12);
n− 1
2
if n≡ 1 or 9 (mod 12):
For every integer v; 26v6(n; 3; 2), there is a P(v; 2; 1) embedded in a 3-cycle system
(or Steiner triple system) of order n.
Milici and Quattrocchi [5] determined the set SH(n; 4; s); s∈{2; 3}, of all integers
v¿s such that there exists a handcu<ed design of order v and block size s embedded
in a 4-cycle system of order n.
Theorem 2 (Milici and Quattrocchi [5]). Let n≡ 1 (mod 8). Then SH(n; 4; 2)= {v |
26v6(n− 1)=2}.
Let (n; 4; 3)= (2n + 1 − (n))=3, where (n)= 12 if n≡ 1 (mod 24), (n)= 4 if
n≡ 9 (mod 24) and (n)= 8 if n≡17 (mod 24). Then SH(n; 4; 3)= {v |56v6(n; 4; 3)
and v≡ 1 (mod 4)}.
Since every P(v; 2; 1) is balanced, it is SP(n; 4; 2)=SH(n; 4; 2) (Theorem 2).
Clearly SH(n; 4; 3)⊆SP(n; 4; 3). In this paper, we determine the spectrum
SP(n; 4; 3).
352 G. Quattrocchi / Discrete Mathematics 255 (2002) 349–356
2. SP(n; 4; 3)
For every n≡ 1 (mod 8), n¿9, let us denote by (n; 4; 3) the maximum v≡ 0 or




2 if n≡ 1 (mod 24);
3 if n≡ 9 (mod 24);
7 if n≡ 17 (mod 24):
In the following theorem we give an upper bound on (n; 4; 3):
Theorem 3. For every n≡ 1 (mod 8), n¿9, (n; 4; 3)6(2n− t(n))=3.
Proof. Let (;P) be a P(v; 3; 1) embedded in a 4CS of order n; (W;C).
For any x∈, let (x) be the number of paths of P having x in an exterior position
(the Mrst or the last). Let N= maxx∈ (x). Clearly v N¿
∑
x∈ (x)= (v(v − 1))=2.
Moreover it is easy to see that if v≡ 0 (mod 4) then (x) must be odd. Therefore we









+ 1 if v≡ 0 (mod 4): (2)
Since (;P) is embedded in (W;C), it is
n¿v+ N: (3)
Suppose v≡ 0 (mod 4). Then by (2) and (3) the following upper bounds hold:
v6(2n − 2)=3 if n≡ 1 (mod 24), v6(2n − 6)=3 if n≡ 9 (mod 24) and v6(2n − 10)=3
if n≡ 17 (mod 24).
Suppose v≡ 1 (mod 4). Then by (1) and (3) the following upper bounds hold:
v6(2n+ 1)=3 if n≡ 1 (mod 24), v6(2n− 3)=3 if n≡ 9 (mod 24) and v6(2n− 7)=3 if
n≡ 17 (mod 24). If v=(2n+ 1)=3 then (W;C) has a sub 4CS of order n− v on point
set W − . So, for n≡ 1 (mod 24) we obtain v6(2n− 11)=3.
The proof follows from the above inequalities.
Note that each P(v; 3; 1) with v≡ 1 (mod 4) and N=(v − 1)=2 is a balanced path
design. This justiMes the following deMnition.
De nition. Let (;P) be a P(v; 3; 1), v≡ 0 (mod 4). We say that (;P) is almost
balanced if it is N=(v=2) + 1.
Lemma 1. For every n≡ 1 (mod 8), (n; 4; 3)= (2n− t(n))=3.
Proof. If n≡ 9 or 17 (mod 24) then the proof follows from Theorems 2 and 3.
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Now we prove the lemma for n≡ 1 (mod 24). Let n=25 + 24 ,  ¿0.
Then (n; 4; 3)=16 + 16 . Let =
⋃3+4 
i=0 {ai0; ai1; ai2; ai3}. Let (B;B) be a 4CS
of order 9 + 8 , B= {bi | i=0; 1; : : : ; 8 + 8 }. DeMne the following set D of
4-cycles.





























































(III) For i=0; 1; : : : ; 1+2 put in D the cycles (b0; a2i1 ; b1; a
1+2i
1 ), (b1; a
2i
2 ; b2; a
1+2i
2 ) and
(b0; a2i3 ; b2; a
1+2i
3 ).
Let D= {c∈C | |c∩|=3}. Form the path set P by deleting from each block c∈D
the element of B. Then (;P) is an almost balanced P(16 + 16 ; 3; 1) embedded in
the 4CS (∪B;B∪D) of order 25 + 24 .
Note that (ai0)= 9 + 8 and (a
i
j)= 7 + 8 , i=0; 1; : : : ; 3 + 4 ; j=1; 2; 3.
Corollary 1. For every n≡ 1 (mod 8), SP(n; 4; 3)⊆{v | 46v6 2n−t(n)3 and v≡ 0 or
1 (mod 4)}.
Lemma 2. For every n≡ 9 (mod 24), there exists a P((2n− 6)=3; 3; 1) embedded in a
4CS of order n.
Proof. For n=9 the lemma follows from Example 1. Let n=33 + 24 ,  ¿0. Let
1 = {ai | i=0; 1; : : : ; 15+16 } and let W1 =1 ∪{bi | i=0; 1; : : : ; 8+8 }. By Lemma 1
there is an almost balanced P(16 + 16 ; 3; 1), (1;P1), embedded in a 4CS (W1;C1)
of order 25 + 24 . Suppose that (ai)= 9 + 8 , i=0; 1; : : : ; 3 + 4 ; (ai)= 7 + 8 ,
i=4+ 4 ; 5+ 4 ; : : : ; 15+ 16 . Let =1 ∪{a16+16 ; a17+16 ; a18+16 ; a19+16 } and let
W =∪{bi | i=0; 1; : : : ; 12 + 8 }.
We now construct a 4CS (W;C) of order 33+24 . Put in C the 4-cycles of C1 and
the following ones:
(I) For i=0; 1; : : : ; 8 + 8 , (a16+16 ; ai; a17+16 ; bi) and (a18+16 ; ai; a19+16 ; bi).
(II) For j=0; 1; 2; 3 and i=0; 1; : : : ; 2 + 4 , (a9+8 +2i ; a16+16 +j; a10+8 +2i ; b9+8 +j).
(III) (a16+16 ; a15+16 ; a17+16 ; b9+8 ), (a18+16 ; a16+16 ; a17+16 ; b10+8 ), (a18+16 ; a17+16 ;
a19+16 ; b9+8 ), (a19+16 ; a18+16 ; a15+16 ; b10+8 ), (a16+16 ; a19+16 ; a15+16 ; b11+8 ),
(b10+8 ; b8+8 ; b12+8 ; a16+16 ), (b11+8 ; b9+8 ; b12+8 ; a19+16 ), (b10+8 ; b12+8 ;
b11+8 ; a8+8 ), (a15+16 ; b9+8 ; a8+8 ; b12+8 ), (a17+16 ; b11+8 ; a18+16 ; b12+8 ) and
(b8+8 ; b9+8 ; b10+8 ; b11+8 ).
(IV) For i=0; 1; : : : ; 6 + 8 , (ai; b9+8 ; ai+1; b10+8 ) and (ai; b11+8 ; ai+1; b12+8 ).
(V) For i=0; 1; : : : ; 3 + 4 , (b2i ; b9+8 ; b2i+1; b10+8 ) and (b2i ; b11+8 ; b2i+1; b12+8 ).
It is easy to see that (W;C) is a 4CS of order 33 + 25 .
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Let D= {c∈C | |c∩|=3}. Form the path set P by deleting from each block
c∈D the element of {bi | i=0; 1; : : : ; 12 + 8 }. Then (;P) is an almost balanced
P(20 + 16 ; 3; 1), embedded in (W;C).
Note that (ai)= 11 + 8 for i=9 + 8 ; 10 + 8 ; : : : ; 14 + 16 and for
i=16 + 16 ; 17 + 16 ; 18 + 16 ; 19 + 16 ; (ai)= 9 + 8 for i=0; 1; : : : ; 3 + 4 and
for i=15 + 16 ; (ai)= 7 + 8 for i=4 + 4 ; 5 + 4 ; : : : ; 8 + 8 .
Lemma 3. For every n≡ 17 (mod 24), there exists a P((2n− 10)=3; 3; 1) embedded in
a 4CS of order n.
Proof. For n=17 the lemma follows from Example 2. Let n=41 + 24 ,  ¿0.
Let 1 = {ai | i=0; 1; : : : ; 19 + 16 } and let W1 =1 ∪{bi | i=0; 1; : : : ; 12 + 8 }.
By Lemma 2 there is an almost balanced P(20+16 ; 3; 1), (1;P1), embedded in a 4CS
of order 33 + 24 , (W1;C1). Rename the elements of 1 so that (ai)= 11 + 8 ,
i=0; 1; : : : ; 9+8 ; (ai)= 9+8 , i=10+8 ; 11+8 ; : : : ; 14+12 and (ai)= 7+8 ,
i=15 + 12 ; 16 + 12 ; : : : ; 19 + 16 . Let =1 ∪{a20+16 ; a21+16 ; a22+16 ; a23+16 }
and let W =∪{bi | i=0; 1; : : : ; 16 + 8 }.
We now construct a 4CS (W;C) of order 41+24 . Put in C the 4-cycles of C1 and
the following ones.
(I) For i=0; 1; : : : ; 10 + 8 , (a20+16 ; ai; a21+16 ; bi) and (a22+16 ; ai; a23+16 ; bi).
(II) For j=0; 1; 2; 3 and i=0; 1; : : : ; 3 + 4 , (a11+8 +2i ; a20+16 +j; a12+8 +2i ; b13+8 +j).
(III) (a20+16 ; a19+16 ; a21+16 ; b11+8 ), (a22+16 ; a20+16 ; a21+16 ; b15+8 ), (a22+16 ;
a21+16 ; a23+16 ; b11+8 ), (a23+16 ; a22+16 ; a19+16 ; b14+8 ), (a20+16 ; a23+16 ; a19+16 ;
b13+8 ), (b15+8 ; b16+8 ; b14+8 ; a20+16 ), (b15+8 ; b12+8 ; b16+8 ; a23+16 ), (b14+8 ;
b13+8 ; b16+8 ; a21+16 ), (b13+8 ; b12+8 ; b14+8 ; b15+8 ), (a20+16 ; b16+8 ; a22+8 ;
b12+8 ), (a21+16 ; b13+8 ; a23+16 ; b12+8 ), (a10+8 ; b16+8 ; a19+16 ; b15+8 ) and
(a22+16 ; b14+8 ; a10+8 ; b13+8 ).
(IV) For i=0; 1; : : : ; 4 + 4 , (a2i ; b13+8 ; a2i+1; b14+8 ) and (a2i ; b15+8 ; a2i+1; b16+8 ).
(V) For i=0; 1; : : : ; 5 + 4 , (b2i ; b13+8 ; b2i+1; b14+8 ) and (b2i ; b15+8 ; b2i+1; b16+8 ).
It is easy to see that (W;C) is a 4CS of order 41 + 25 .
Let D= {c∈C | |c∩|=3}. Form the path set P by deleting from each block
c∈D the element of {bi | i=0; 1; : : : ; 12 + 8 }. Then (;P) is an almost balanced
P(24 + 4 ; 3; 1), embedded in (W;C).
Note that (ai)= 13 + 8 for i=11 + 8 ; 12 + 8 ; : : : ; 14 + 12 and
for i=20 + 8 ; 21 + 8 ; 22 + 8 ; 23 + 8 ; (ai)= 11 + 8 for i=0; 1; : : : ; 9 + 8 
and for i=15 + 12 ; 16 + 12 ; : : : ; 18 + 16 ; (ai)= 9 + 8 for i=10 + 8 ;
19 + 16 .
Lemma 4. For every n≡ 1 (mod 24), there exists a P((2n − 14)=3; 3; 1) embedded in
a 4CS of order n.
Proof. For n=25 the lemma follows from Example 3. Let n=49 + 24 ,  ¿0. Let
1 = {ai | i=0; 1; : : : ; 23+16 } and let W1 =1 ∪{bi | i=0; 1; : : : ; 16+8 }. By Lemma 3
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there is an almost balanced P(24 + 16 ; 3; 1), (1;P1), embedded in a 4CS of order
41 + 24 , (W1;C1). Rename the elements of 1 so that (ai)= 13 + 8 , i=0; 1; : : : ;
7 + 8 ; (ai)= 11 + 8 , i=8 + 8 ; 9 + 8 ; : : : ; 21 + 16 and (ai)= 9 + 8 ,
i=22 + 16 ; 23 + 16 . Let =1 ∪{a24+16 ; a25+16 ; a26+16 ; a27+16 } and let
W =∪{bi |i=0; 1; : : : ; 20 + 8 }.
We now construct a 4CS (W;C) of order 49+24 . Put in C the 4-cycles of C1 and
the following ones.
(I) For i=0; 1; : : : ; 12 + 8 , (a24+16 ; ai; a25+16 ; bi) and (a26+16 ; ai; a27+16 ; bi).
(II) For j=0; 1; 2; 3 and i=0; 1; : : : ; 4 + 4 , (a13+8 +2i ; a24+16 +j; a14+8 +2i ; b17+8 +j).
(III) (a24+16 ; a23+16 ; a25+16 ; b13+8 ), (a26+16 ; a24+16 ; a25+16 ; b17+8 ), (a26+16 ;
a25+16 ; a27+16 ; b13+8 ), (a27+16 ; a26+16 ; a23+16 ; b17+8 ), (a24+16 ; a27+16 ; a23+16 ;
b18+8 ), (b19+8 ; b17+8 ; b20+8 ; a23+16 ), (b18+8 ; b16+8 ; b20+8 ; a25+16 ), (b18+8 ;
b20+8 ; b19+8 ; a26+16 ), (b16+8 ; b17+8 ; b18+8 ; b19+8 ), (a24+16 ; b14+8 ; a25+16 ;
b15+8 ), (a26+16 ; b14+8 ; a27+16 ; b15+8 ), (a24+16 ; b16+8 ; a25+16 ; b19+8 ), (a26+16 ;
b16+8 ; a27+16 ; b20+8 ), (a24+16 ; b20+8 ; a12+8 ; b17+8 ) and (a27+16 ; b19+8 ; a12+8 ;
b18+8 ).
(IV) For i=0; 1; : : : ; 5 + 4 , (a2i ; b18+8 ; a2i+1; b17+8 ) and (a2i ; b20+8 ; a2i+1; b19+8 ).
(V) For i=0; 1; : : : ; 7 + 4 , (b2i ; b17+8 ; b2i+1; b18+8 ) and (b2i ; b19+8 ; b2i+1; b20+8 ).
It is easy to see that (W;C) is a 4CS of order 49 + 25 .
Let D= {c∈C | |c∩|=3}. Form the path set P by deleting from each block
c∈D the element of {bi | i=0; 1; : : : ; 20 + 8 }. Then (;P) is an almost balanced
P(28 + 4 ; 3; 1), embedded in (W;C).
Note that (ai)= 15 + 8 for i=13 + 8 ; 14 + 8 ; : : : ; 21 + 16 and for
i=24 + 8 ; 25 + 8 ; 26 + 8 ; 27 + 8 ; (ai)= 13 + 8 for i=0; 1; : : : ; 7 + 8 and
for i=22 + 16 ; (ai)= 11 + 8 for i=8 + 8 ; 9 + 8 ; 10 + 8 ; 11 + 8 ; 12 + 8 ;
23 + 16 .
Now we can prove our main result.
Main Theorem. For every n≡ 1 (mod 8), SP(n; 4; 3)= {v | 46v6(2n − t(n))=3 and
v≡ 0 or 1 (mod 4)}.
Proof. By Theorems 2, 3 and Corollary 1, it is suJcient to prove that {v | 46v6
(2n− t(n))=3 and v≡ 0 (mod 4)}⊆SP(n; 4; 3). Lemmas 1, 2, 3, 4 and the well-known
embedding n→ n+ 8 for 4CS [4] imply this result.
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